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ABSTRACT. In this paper we are going to introduce an efficient approach for
solving a wide class of fuzzy linear programming (FLP) problems. Zimmer-
mann first used the max-min operator of Bellman and Zadeh to solve FLP
problems. Many researchers use his approach to solving different types of
fuzzy programming. We first state some comments concerning Zimmermann
approach and show some inefficiencies of it. Then we suggest some modifica-
tions for his approach. Finally, after defining a smooth membership function,
we present a new approach by using max-product operator that is a very ef-
fective. Numerical examples demonstrate that the proposed approach can be
effectively incorporated with other approaches to FLP.

keywords : Fuzzy mathematical programming, Aspiration levels, max-min oper-
ator, max-product operator.

1. INTRODUCTION

Fuzzy linear programming (FLP) is a very useful and practical model for many
real world problems. Concept of decision analysis in fuzzy environment was first
proposed by Bellman and Zadeh [1]. Zimmermann [2, 3] first used the max-min
operator of Bellman and Zadeh to solve FLP problems. Other researchers used this
operator, too. See [4, 5]. Max-min operator has been used in solving other types of
fuzzy programming. For example See [6]-[11]. But there are some difficulties when
they used this operator in their papers or their books. On the other hand, min
operator has some weakness when it used as a t-norm. In this paper we investigate
difficulties and weakness of max-min operator and suggest a more deficiency ap-
proach for solving a wide class of the fuzzy programming problems. Finally we have
solved some numerical examples and we have shown the efficiency of our approach.

2. SOME COMMENTS CONCERNING ZIMMERMANN APPROACH
Consider the following symmetric fuzzy linear programming problem
(2.1) x>z
Axgb
x>0

Where < (E) denote the fuzzified version of < (>). Many FLP problems may be
transformed into (2.1). We may write (2.1) in the following form:

(1)=(¥)
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By assumption

(2.1) may be written as follows:

(2.2) Bx<d
x>0

Each of the (m + 1) rows of model (2.2) could be represented as a fuzzy set, with
membership functions p;(x),i = 1,2,...,m + 1. By using the fuzzy decision pro-
posed by bellman and Zadeh [1], we have

(2.3) pp(X) =min{u;(x) ,i=1,2,...,m+ 1}

wi(x) can be interpreted as the degree to which x fulfills (satisfies) the fuzzy in-
equality B;x < d; (Where B; denotes the ith row of B).

Assume that the decision maker is not interested in a fuzzy set but in a crisp
”optimal” solution, then we could suggest the ”maximizing solution” to equation
(2.3), which is the solution to the possibly nonlinear programming problem

(2.4) I}{lgé{ pp(x) = r}{lzaa( miln{ui(x) vi=1,2,...,m+1}

The simplest type of membership function (piecewise linear function) is as follows:

1 Bix < d;
(2.5) pi(x) =4¢ 1— % d; < Bix <d; +p;
BiX > d1 + p;

Where p; is the tolerance of ith constraint i = 1,2,...,m + 1.
With Zimmermann’s approach [3], using max-min operator, a max-min model for
problem (2.4), can be stated as follows:

(2.6) max A
s.t.
Bix —d; .
o BXmd o mrt
pi
x>0
Therefore, we have
(2.7) max A
s.t.
)\p,+B,XSd1+p1 y = 1,2,...,m+1
x>0

Now consider example 13-5 in [3].
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Example 2.1.
(2.8) min 41400z; + 44300x2 4 4810023 + 4910024

s.t.
0.48x1 + 1.44x5 + 2.16x3 + 2.4x4 > 170
X1 Z 6

T2, 23,24 > 0
The solution is x1 = 6,19 = 16.29, 23 = 0,24 = 58.96 and Min cost=3864975.
Then he added some lower bounds and spread of the tolerance interval as follows:

dy = 3700000 dp =170 ds =1300 dys=6
p1=500000 po=10 p3=100 ps=6

After dividing all rows by their respective p;’s and rearranging in such a way that
only A remain on the left-hand side, we have:

(2.9) max A
s.t.
0.083x1 + 0.089x5 4+ 0.096x3 4+ 0.098z4 + A < 8.4
0.0482x71 4+ 0.14425 + 0.21623 + 0.24x4 — X\ > 17
0.16x1 + 0.1625 + 0.16x3 + 0.1624 — A > 13
0.167xy —A>1

Ty, 22, 23,24 2 0
Obtained optimal solution in [3] is:

21 =17414 |, 20=0 , x4=66.54 , 2*=3988250

But, by transform (2.8) into (2.2), the original problem is as follows:

4140021 4 443005 + 4810025 + 4910024 <3700000
—0.48z; — 144z — 2.1625 — 2.424< — 170
—16x1 — 1625 — 1623 — 1624< — 1300

— mlg —6

x1,T2,23,74 20

Therefore, according to (2.5), membership functions are as follows:
For the first tolerance

1 21§37
p(z1) = 1—223T 37 <z <42
0 21242

where z1 = 0.414x1 + 0.443x5 + 0.481x3 + 0.491x4
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For the second tolerance

1 zp < 170
p(ze) =< 1—2H0 170 < 2, < —160
0 23 > —160

where 2o = —0.48x1 — 1.4429 — 2.1623 — 2.424

For the tertiary tolerance

1 z3 < —1300
p(z3) = 1— 241800 1300 < 23 < —1200
z3 > —1200
where 23 = —16x7 — 1629 — 1623 — 1624
For the fourth tolerance

1 zZ4 S —6
p(zg) = 1—248 —6<2,<0

0 zZ4 Z 0

where 24 = —T1

After dividing all rows by their respective p;’s and rearranging in such a way that
only A remain on the left-hand side, we have:
(2.10) max A
s.t.

0.083x1 + 0.089x5 + 0.096x3 4+ 0.098x4 + A < 8.4

0.048x1 + 0.144x5 4+ 0.216x3 4+ 0.2424 — A > 16

0.16x1 + 0.1622 + 0.16x3 + 0.1624 — A > 12

0.167x1 — A >0

x1,22,T3,%4 2 0
So the correct solution of the problem is

21 =4.6794 | o=155447 , 23=0 , x4 =>59.66
2* = 3881663 , A*=0.7815

Therefore, he mistakes in using his approach.
On the other hand, he did not consider the constraints

di <Bix<d;+p;

as defined in (2.5). Note that the optimal value of (2.4) is in [0,1]. But if for

example x be a solution where B;x = % we have

Bix — d, L g, d;
- -2 T =1 >
Therefore, it may be A* > 1in (2.7). Indeed, without constraints d; < B;x < d;+p;,
there is no upper bound for

1

B BZ'X — dl
bi

1
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Although some researchers try to remove this error by adding the constraint 0 <
A <1, (see [5, 2]), but it is not an upper bound for membership functions. Thus,
we must solve the following problem instead of solving (2.7)(as page 290 in [3])

(2.11) max A
s.t.
Ap;+Bx<di+p;, 1=12,....m+1
Bix<di+p;, , 1=12,....m+1
X, A>0

Note 2.2. [t is clear that the problem has been solved in fuzzy environment. So
the obtained optimal solution of (2.10) has a degree of aspiration (because in fuzzy
environment any solution has a degree of aspiration in [0,1]). Therefore, we must
indicate the solution x* with a aspiration level \*.

However, min operator has some weakness when it used as a t-norm. When min
operator use as a t-norm, the sets with higher membership values, with respect to
other sets, do not have any effect in intersection of fuzzy sets. For more explicit
statement consider two fuzzy sets A and B, such that A = {(a,0.3),(b,0.5)} and

= {(a,0.4),(0,0.6)}. By min operator as a t-norm AN B = A. Now, assume
that B = {(a,0. 5) (b,0.7)}, on the other word if pg(a) > 0.4 and pg(b) > 0.6

then AN B = A. Indeed, the degrees of the members in B do not any effect
in intersection. Therefore, when max-min operator use on solving a FLP, some
constraints may be disregarded. As a example, consider the following membership
functions:

1 7T<x
0.06(x—6)+094 6<x<T7
(2.12) i (x) = 0.08(x—3)+07 3<x<6
0.35(x—1) 1<x<3
0 x <1
1 8<x
0.11(x—6)+0.78 6<x<8
(2.13) Ho(x) = 03(x—4)+018 4<x<6
0.06(x — 1) 1<x<4
0 x <1
1 9<x
0.14(x—=7)+072 7<x<9
(2.14) us(x) = 0.04(x—4)+06 4<x<7T
0.6(x — 3) 3<x<4
0 x <3

These membership functions and their minimum have been shown in figure (1). It is
obvious that p; does not have any influence in fi,,,;,,. We prefer to use max-product
operator on solving a FLP instead max-min operator because product operator as
a t-norm has the compensation property. But for this purpose we must first make a
single variable membership function. the reason of this proceeding would be stated
in section 4.
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Hy

FIGURE 1. membership functions of p1, p2, 143, Lmin

3. MAKING A SINGLE FORMULA MEMBERSHIP FUNCTION

Piecewise linear membership functions are often as be shown in figure (2). In
this section, we try to introduce a single formula for defining a function which is
very close to many membership functions.

Membership functions can be classified in three groups. triangular shape, left or
right half-trapezoidal shape and trapezoidal shape. Here, we obtain a approximate
function with single formula for all types of mentioned shapes in figure (2). For this
purpose, we choose several main points that have been given by decision maker or
we deduce from the membership function.

Figure (3) shows a trapezoidal membership function with several main points.
Therefore, we require a suitable membership function to pass from through these
main points. We consider this function as follows:

1 1
(3.1) pr(x) = - arctan (p(x)) + B
Where, p(x) is a polynomial that fit some points. It is clear that the rang of this
function is [0,1]. Because, the rang of the function arctan or tan™' is |5, 5].

With some simple changes it can be transformed to [0, 1], such as:

— g < arctan(p(x)) < g

0< g + arctan(p(x)) < 7

1 1
0 < -+ —arctan(p(x)) <1
2 7

Now, we introduce p(x). First, Let pu(x) be a membership function with left or
right half-trapezoidal shape.
Consider a polynomial as follows:

(3.2) p(x) =ag+a1x+ asx® 4 -+ agp_1 x> 1

then P (x) = a1 + 3asx® + -+ (2n — 1)ag,_1x>""2

Here, if we assume that a1, as,...,as,—1 are non-negative (non-positive) numbers
then p'(x) > 0 (p/(x) < 0) for all (x € R), it means that p(x) and thereupon
arctan(p(x)) is increasing (decreasing) function on R. Therefore, we may approxi-
mate any half-trapezoidal membership function which is increasing (decreasing) by
such a polynomial. Note that the left(right) half-trapezoidal functions are increas-
ing (decreasing).

On the other hand, if u(x) be a membership function with trapezoidal or triangular
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/

FIGURE 2 Different types of membership functions

FIGURE 3 A trapezoidal membership function with several main points

shape, consider a polynomial as follows:

(3.3) P(x) = do + az(x — x0)? + as(x —x0)* + -+ + azn(x — x0)"

then P (x) = 2as(x — X0) + 4as(x — x0)> 4 - + 2nag, (x — x)>" !

Where z¢ is a point that p(x) is increasing before zy and decreasing after it. If
coefficients be non-positive, this polynomial is increasing for x < xg and decreasing
for x > xp. Because p’(x) is non-negative for x < x¢ and non-positive for x > xo.
Also, maximum or minimum of p(x) occurs in xq. Thus, it is suitable for trapezoidal
and triangular membership functions.
The degree of the polynomials is dependent to the number of main points.

Now, we explain this procedure. Assume that S be a set of main points as below:

S = {(Xl,yl), (X27y2)ﬂ ceey (Xm,ym)}

Where, y; is considered as membership value for x; and 0 <y, < 1.
Thus, according to the (3.1), p(x;) should be considered as follows:

(3.4) p(xi):tan(ﬂx(yi—;)) Ci=12...m
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Note that, for every y,; obtain a unique value for p(x;) in (—oo, 00). Therefore, the
coefficients a;, will be obtain by solving the system of equations (3.4) Or equiva-
lently by solving a nonlinear programming as follows:

(3.5) minz Ip(x;) — byl
i=1
s.t.
a; >0 j=1,3,...2n—1

Where b; = tan (77 X (yi — %)) are deterministic values and p(x) consider as (3.2).

Note 3.1. When the membership function is decreasing (half-trapezoidal shape),
we should assume a; <0 for all j =1,3,...,2n — 1.

And

(3.6) min Z Ip(xi) — b

s.t.
a; <0 j=2,4,...,2n

Where p(x) consider as (3.3).
Above problem can be transformed to a linear programming problem. Let

tizp(xi)—bi i:1,2,...,m
Here t; are free variables. By setting t; =t —t; where [t;| = t] +t; and t;,t; >0
(3.5) transform to:
m
(3.7) min » (t} + ;)
i=1
s.t.

p(x;) —t7 +t; =b;
a; >0 j=13,...2n—1

tht; >0
And (3.6) transform to::
(3.8) min » (tF + ;)
i=1
s.t.

p(X,L') _t;‘r +tz_ = bz
a; <0 j=2/4,...,2n
tht- >0

7 (3

By solving these problems, we obtain coefficients a; and consequently obtain p(x).
Now, we illustrate this procedure with some examples:
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0.6
0.4
0.z
Z 4 3
-10 -5 o

FIGURE 4 smooth membership functions are good approximate for piecewise linear functions

Example 3.2. Consider the following function:

1 r<-—1
ple) =4 35 -1<z<2
0 x> 2

It is clear that u(x) is decreasing. we choose main points as the set
S = {(~1,3.078), (2, —3.078)}

(Note: after modifying rang of function, -3.078 and 3.078 transform to 0.1 and
0.9, respectively). By solving a linear programming such as (5.6), when a; < 0 we
have:

p(x) = —2.052x+ 1.026

Thus, corresponding smooth membership function, u*(x), according to (3.1) is as
follows:

. 1 1
u*(x) = — arctan(—2.052x 4 1.026) + 5
™
Figure (4) shows u(x) and p*(x).

Example 3.3. Consider trapezoidal membership function:

1 l<z<4

oz 4<z<6
p(x) =

#l —1<z<l1

0 r>6, x<—1

Main points and corresponding membership values stated in the below table:

T -1 1 2.5 4 6
p(z) | 0.05 0.9 095 09 0.05
p(x) | —6.314 3.078 6.314 3.078 —6.314

By using (3.3) with n = 3, after solving a linear programming such as (3.7) we
have:

p(x) = 6.314 — 1.031(x — 2.5)2
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(Note: here, obtained value for ay and ag is equal to zero). Therefore
. 1 o1
p(x) = — arctan(6.314 — 1.031(x — 2.5)%) + 3
™

Figure (4) show u(x) and p*(x).

4. MAX-PRODUCT APPROACH FOR SOLVING FLP

In this section, we are going to use algebraic product t-norm for FLP problems.
But obtained function by using this t-norm for piecewise linear membership func-
tions is very complex. for example consider pg(x), 3(x) defined in (2.13,2.14). By
using product operator as a we have:

0 x <3
0.049(x? — 4x + 3) 3<x<4
0.09(x —4)2 +0.216(x —4) +0.14 4<x<6

W' (x) = prod{us(x), u3(x)} = { 0.003x% — 0.23x + 0.116 6<x<T
0.01x% + 0.03x + 0.02 T<x<8
0.1(x —7)+0.8 8§<x<9
1 x>9

Therefore, these membership functions are not suitable in our calculations. In
the previous section we introduce a single formula membership function that help
us to use product t-norm. In FLP problems, usually a membership function is
dependent to a linear combination of n independent variables and we should use
a simple changing variable to obtain a single variable membership function. For
more statement, let

1 Bix < d;
p(x) = 1—% d; < Bix < d; +p;
BZ‘X > dz + pi
By choosing z; = B;x, we have
zi < d;
pzi) = p(Bix) = ¢ 1= 224 d; < z; < di+p;i
zi > di +p;

Thus, according to previous section, smooth membership function is as follows:

1 1
p(zi) = farctan(p(zi))Jri . i=1,2,...,m+1
™

Now, we can use max-product operator to obtain a crisp solution of FLP. On the
other word, we maximize product of membership functions. That is,

m—+1
(4.1) max {u(z) = H u(zl)}
i=1

Note that in this approach we don’t have any constraint.
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5. NUMERICAL EXAMPLES

In the section, we solving some numerical examples by modified max — min and
Max-Product approaches.

Example 5.1. Consider the following Lp

max 3x1 + o
s.t.
x1 + 219 < 16
2x1 +x9 <17
T1,22 >0

The solution is 1 = 8.5, x5 = 0, 2* = 25.5. Now, we considered the lower bounds
and spread of the tolerance interval:

di =30 dy=16 dg—1T
p1=6 p2=3 p3=4

Corresponding membership functions are as follows:

1 21 + 229 < 16
pi(x) =q 1— 8222200 16 < 3y 4 225 < 19
0 T, + 2x9 > 19
2x1 +x9 < 17
po(x) = 1 — 2RIl 17 <95y 4 gy <21
0 2x1 +x2 > 21
1 3(E1 + 22 Z 30
uz(x) = 1+W 24 < 3x; + 2 < 30
0 3331 + X9 < 24
By max — min approach, we have
max \
s.t.

3x1+ 19 — 6N > 24
r1 + 222 +3X <19
2x1 + 19 + 4N <21
x1 + 2x9 > 16

2x1 +x9 > 17

3x1 +x9 <30

T1,29,A >0

The solution is x1 = 7.474,25 = 4.263,z* = 26.685 and degree of aspiration is

A* = 0.447.
For solving this problem by using Max-Product approach, we set

z1 :1'1+2(E2, zZ2 :2(E1+5U2, zZ3 :3$1+$2
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FIGURE 5. membership functions p(z1), u(z2), u(z3)

Then
1 2 < 16
pi(z1) =¢ 1—2218 16 <2 <19
0 21 > 19

Consider main points as S = (16,6.314), (19, —6.314), then
p(z1) = —4.20932; + 73.6628.

1 22§17
po(z2) = 1— 277 17< 2 <21
0 22221

Consider main points as S = (17,6.314), (21, —6.314), then
p(z2) = —3.15T29 + 59.983.

1 zz > 30
/Lg(z’g): 1+23Ef30 24 < 23 < 30
0 z3 S 24

Consider main points as S = (30, 6.314), (24, —6.314), then
p(23) = 2.104725 — 56.826.
Now smooth membership functions are as follows:

1 1
p1(z1) = — arctan(—4.2093z; + 73.6628) + 3

T

1 1
pa(z2) = — arctan(—3.1572z2 + 59.983) + 5

T

1 1
u3(z3) = — arctan(2.1047z3 — 56.826) + 3

T

Figure (5) shows these membership functions. By solving non-linear programming
(4.1), optimal solution is as follows:

1 =92498 , zo=0 , z*=27.7494

And degree of aspiration is 0.625.
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Example 5.2. Consider the example (2.1), here, we solve it by Maz-Product ap-
proach. Smooth membership functions are as follows:

1 1
wu(z1) = = arctan(—2.5256z; + 99.7612) + 3

1 1
wu(zo) = - arctan(1.2628z9 — 208.362) + 5

1 1
u(z3) = — arctan(0.12628z3 — 157.85) 3

T

1
p(zq) = — arctan(2.1047z4 — 6.314) +
m

The optimal solution is as follows:

z1=10.72754, 1z =13 =0, x4=069.31763, z* = 3847615

6. CONCLUSIONS

In this paper, we present an approach to making single formula for all types of
membership functions with using function arctan and polynomials. These functions
are many useful and may be used in all types of fuzzy programming. Here, we use
them for fuzzy linear programming with fuzzy constraints. Since we solved these
problems by using the max —min operator and Max — Product operator, so when
we use the min operator and the algebraic product as a t-norm. Obtained results
show that this methods are not efficiency. So we use Max-Product operator and
present a new approach for this group of fuzzy linear programming problems, that
present the optimal solution of them.
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